Abstract-Inspired by the astounding performance of the unity rate code (URC) aided classical coding and detection schemes, we conceive a quantum URC (QURC) for assisting the design of concatenated quantum codes. Unfortunately, a QURC cannot be simultaneously recursive as well as non-catastrophic. However, we demonstrate that, despite being non-recursive, our proposed QURC yields efficient concatenated codes, which exhibit a low error rate and a beneficial interleaver gain, provided that the coding scheme is carefully designed with the aid of EXtrinsic Information Transfer (EXIT) charts.
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I. INTRODUCTION
N EAR-CAPACITY concatenated coding and detection schemes [1] , which rely on the low-complexity iterative decoding, marked a major breakthrough in the classical regime. Inspired by these developments, serially-concatenated Quantum Turbo Codes (QTCs) were conceived in [2] . Unlike their classical counterparts, the designs of [2] invoked non-recursive inner codes, since Quantum Convolutional Codes (QCCs) cannot be simultaneously recursive as well as non-catastrophic. The QTCs of [2] exhibit a bounded minimum distance. Wilde et al. [3] circumvented this design constraint by exploiting entanglement-assisted QCCs. For the sake of facilitating a near-capacity QTC design, Babar et al. [4] developed EXtrinsic Information Transfer (EXIT) charts for the quantum domain, while a Quantum IrRegular Convolutional Code (QIRCC) structure was proposed in [5] .
The constituent codes of a QTC are serially concatenated, resulting in a low coding rate. In the classical regime, higher coding rates are obtained by either concatenating systematic codes in parallel or by puncturing the coded bits. Neither of these approaches are readily implementable in the quantum domain. As another strategy, the concatenated classical code designs also offer benefits by replacing the inner component with a recursive rate-1 convolutional code [1] .
It was also demonstrated in [6] that concatenated classical codes, relying on an outer Reed-Solomon code having an arbitrary coding rate, may asymptotically achieve the Gilbert-Varshamov bound, when a random rate-1 inner code is invoked. These results were recently extended to the quantum domain [7] . However, since QCCs cannot be simultaneously recursive as well as non-catastrophic, we have to compromise concerning one of these attributes, while designing a rate-1 QCC. A non-recursive inner code may result in a bounded minimum distance, while a catastrophic inner code would require code doping for supporting iterative decoding. It was demonstrated in [8] This letter is organized as follows. In Section II-A, we detail our system model, followed by the portrayal of our proposed QURC in Section II-B. Our results are discussed in Section III, while our conclusions are offered in Section IV. Fig. 1 shows the schematic of a QURC-aided concatenated quantum code. The outer encoder V 1 is an [n, k, m] QCC, which encodes k logical qubits (or information word) |ψ 1 into n physical qubits (or codeword) |ψ 1 with the aid of (n − k) auxiliary qubits and m memory qubits. The physical qubits |ψ 1 are interleaved and fed to a QURC, which encodes the n input logical qubits |ψ 2 into the n physical qubits |ψ 2 without any additional redundancy. QURC merely acts as a precoder invoked for supporting iterative decoding. The precoded stream |ψ 2 is transmitted through a quantum depolarizing channel, which is a commonly used channel model [2] , [3] , [5] . Explicitly, a quantum depolarizing channel having a depolarizing probability p inflicts an n-qubit Pauli error P 2 , 1558-2558 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
II. QURC-AIDED CONCATENATED CODE DESIGN

A. System Model
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. where a qubit may independently experience either a bit-flip or a phase-flip or in fact both, each with a probability of p/3.
The received physical information |ψ 2 = P 2 |ψ 2 is processed by the serially concatenated inverse encoders 1 V † i
of Fig. 1 , resulting in the potentially erroneous logical qubits L i |ψ as well as the erroneous syndrome qubits S 1 |ψ . The latter collapse to the classical bits S x 1 upon measurement. Using the classical syndrome S x 1 and the channel information P ch (P 2 ), the pair of serially concatenated syndrome-based classic Soft-In Soft-Out (SISO) decoders of Fig. 1 engage in degenerate iterative decoding [2] , [3] for estimating the most likely error cosetL 1 imposed on the logical qubits of the outer decoder. We emphasize that in contrast to the classic SISO decoder, the syndrome-based SISO decoder generates extrinsic information pertaining to the logical error L i and the physical error P i . Finally, the recovery operation R is applied to the erroneous logical qubits L 1 |ψ 1 based on the estimated errorL 1 , hence yielding the recovered output |ψ 1 .
The convergence behaviour of the iterative decoder of Fig. 1 may be visualized using EXIT charts [4] , which model the flow of information between the concatenated syndrome-based decoders. Explicitly, an EXIT chart characterizes the average Mutual Information (MI) transfer characteristics of the inner and outer decoders in terms of:
, the a-priori MI I A (P 1 ) between P 1 and P a 1 (P 1 ), as well as the the extrinsic MI I E (P 1 ) between P 1 and P e 1 (P 1 ). The a-priori information of both decoders is modeled using an independent Gaussian distribution, while the output extrinsic MI can be computed using [9] :
where E is the expectation (or time average) operator, while A j (m) is equivalent to the m th quaternary hypothetical error (no-error, bit-flip, phase-flip or bit-phase-flip) imposed on the j th logical/physical qubit of the inner/outer decoder. The resultant inner decoder's EXIT function T 2 and the outer decoder's EXIT function T 1 is given by:
Finally, the EXIT functions of Eq. (2) are plotted in the same graph, with the x and y axes of the outer decoder swapped. Hence, the exchange of MI between the two decoders may be visualized as a stair-case-shaped decoding trajectory in the resultant EXIT chart. For the sake of approaching the achievable capacity, it is desirable to create a marginally open tunnel between the inner and outer decoders' EXIT curves at the highest possible depolarizing probability [4] .
B. Proposed Quantum Unity Rate Code
The encoders of Fig. 1 are stabilizer codes [5] , [10] , which belong to the family of Clifford operators [11] . A distinct feature of the Clifford family is that they preserve the elements of the Pauli group under conjugation. More explicitly, for an n-qubit Pauli operator P , which belongs to the Pauli group G n , an n-qubit Clifford operator V ensures that VPV † ∈ G n [11] . Consequently, the stabilizer generators of the encoder V are intrinsically commutative. Such an encoder V may be realized using the Hadamard (H), phase (S) and controlled-NOT (C-NOT) gates, which are defined as [5] :
Furthermore, the Clifford encoder V of an [n, k, m] QCC consists of concatenated (n + m)-qubit sub-encoders U, conventionally termed as 'seed transformations', so that the adjacent sub-encoders have an overlap of m memory qubits. For the sake of finding an optimized QURC construction, we randomly constructed Clifford seed transformations U using the classical random walk algorithm over the (1 + m)-qubit Clifford group as in [12] and analyzed the associated inner EXIT curves at an arbitrarily chosen depolarizing probability of p = 0.07. We restricted our search space to m = 1 and m = 2 for achieving a low-complexity design, since the decoding complexity increases exponentially with the number of memory states. Furthermore, ideally, it is desired that the inner component of a concatenated code should be both recursive as well as non-catastrophic. However, QCCs cannot be recursive and non-catastrophic at the same time [3] . A noncatastrophic behaviour permits iterative decoding convergence, while having a recursive structure is usually desired for a beneficial interleaver gain, hence resulting in a Quantum Bit Error Rate (QBER) reduction upon increasing the frame length, which asymptotically tends zero. Consequently, a catastrophic QURC does not yield non-trivial extrinsic information in the absence of a-priori information, while its recursive structure ensures that its inner EXIT curve reaches the (1, 1)-point of perfect convergence. This is demonstrated in Fig. 2 , where the inner EXIT curve of a catastrophic and recursive QURC is plotted. Since the resultant inner EXIT curve emerges from the (0, 0)-point, code doping is required for initiating the iterative decoding process. Therefore, we focus our attention on designing a non-catastrophic and non-recursive QURC. Fig. 2 shows the inner EXIT curves of the various noncatastrophic and non-recursive QURCs, relying on randomly constructed unique seed transformations. We may observe in Fig. 2 that the inner EXIT curve of non-catastrophic and non-recursive QURCs starts from the (0, y)-point for y > 0 and terminates at the (1, y)-point for y < 1. For such inner EXIT curves, we can still achieve decoding convergence to an infinitesimally low QBER upon increasing the frame length, provided that the outer decoder's EXIT curve only crosses the inner decoder's EXIT curve close to the x = 1 line. Intuitively, if the outer decoder's EXIT curve does not intersect with that of the inner code before reaching the x = 1 line, then the QBER may asymptotically approach zero for an infinite frame length. Hence, by carefully matching the outer decoder's EXIT curve to that of the inner decoder, we may maximize the interleaver gain. To facilitate this curvematching for a wider range of outer codes, it is desirable that the inner decoder's EXIT curve should terminate close to the (1, 1)-point. Therefore, we select the inner EXIT curve marked by 'filled circles' in Fig. 2 , whose seed transformation is:
III. RESULTS AND DISCUSSIONS
For the sake of quantifying the explicit benefit of our proposed QURC, we designed a 1/2 rate concatenated code using the 10-subcode QIRCC of [5] as the outer component. Explicitly, the QIRCC of [5] consists of five strong memory-3 QCCs followed by five weak memory-1 QCCs, having the coding rates of [1/4, 1/3, 1/2, 2/3, 3/4]. The weighting coefficients of the QIRCC were optimized using the optimization algorithm discussed in [5] for ensuring that the resultant outer decoder's EXIT curve closely matched the inner decoder's EXIT curve at the highest possible depolarizing probability. It was found that using the weighting coefficients = [0.1468 0 0 0 0 0.3532 0 0 0 0.5] T , the QIRCC would yield a marginally open EXIT chart tunnel at p = 0.06, as shown in Fig. 3 . Observe in Fig. 3 that the inner and outer decoder's EXIT curves crossover before reaching the x = 1 line, which is expected to result in a low interleaver gain as well as a high error floor.
To prove further, both the WER as well as QBER performance of the resultant QURC-QIRCC scheme is quantified in Fig. 4a upon increasing the frame length. As predicted by the EXIT chart of Fig. 3 , the QBER improves upon increasing the frame length for p < 0.06, albeit rather slowly. Furthermore, the WER degrades upon increasing the frame length. This is due to a pair of counteracting forces -the improved interleaver gain reduces the QBER upon increasing the frame length, while the WER is increased with the frame length. Hence, since the interleaver gain improvement remains modest, the resultant WER is ultimately degraded upon increasing the frame size.
For ensuring a significant interleaver gain, the inner and outer decoder's EXIT curves should not intersect before reaching the x = 1 line. A crossover may be prevented by using an outer code having a large minimum distance. Therefore, as another example, we consider a 5-subcode QIRCC, which only employs the five strong memory-3 components of the 10-subcode QIRCC. It was found that the weighting coefficients = [0.1316 0.1869 0.2962 0.3852 0] T yield a narrow open EXIT-chart tunnel at p = 0.04, as shown in Fig. 3 . The convergence threshold of p = 0.04 is lower than that of Fig. 4 , yet the inner and outer EXIT curves do not crossover. The resultant WER/QBER performance is recorded in Fig. 4b , both of which improve upon increasing the frame length.
In Table I , we have benchmarked the performance of our designed QURC-QIRCC scheme (N = 2000) of Fig. 4b , at a WER of 10 −3 against the best known iterative schemes, which have a similar coding rate. More specifically, we have considered the Spatially-Coupled Quasi-Cyclic Quantum Low Density Parity Check (SC QC-QLDPC) code of [13] having a coding rate of 0.49 and a length of n = 181000 and the nonbinary QC-QLDPC code of [14] having a coding rate of 0.5, a length of n = 8768 and a Galois field of GF (2 8 ). It may be observed in Table I that the depolarizing probability achievable by the SC QC-QLDPC code at a WER of 10 −3 is about 9% lower than our QURC-QIRCC concatenated scheme, while that of the non-binary QC-QLDPC code is about 15% higher. The improved performance of the non-binary QC-QLDPC code is achieved at the expense of a longer transmission frame and a higher decoding complexity.
IV. CONCLUSIONS
In this letter, we have conceived a QURC-aided concatenated quantum code design, which relies on a non-recursive and non-catastrophic QURC for improving the performance of the outer code without any coding-rate reduction. We have demonstrated with the aid of design examples that efficient concatenated quantum codes, relying on a non-recursive QURC, may be designed with the aid of EXIT charts. We have also benchmarked the performance of our designed QURCaided scheme against the best known QLDPC codes.
